We introduce a pair of novel difference equations, whose solutions are expressed in terms of Racah or Wilson polynomials depending on the nature of the finite-difference step. A number of special cases and limit relations are also examined, which allow to introduce similar difference equations for the orthogonal polynomials of the 3 F 2 and 2 F 1 types. It is shown that the introduced equations allow to construct new models of exactly-solvable quantum dynamical systems, such as spin chains with a nearest-neighbour interaction and fermionic quantum oscillator models.
Introduction
The importance of orthogonal polynomials in the study of quantum dynamical systems is undisputable. Without the knowledge of basic properties of orthogonal polynomials, it is impossible to comprehend the existence of explicit solutions of quantum systems such as the quantum harmonic oscillator, the Coulomb problem or Heisenberg spin chains. A long time ago, different types of orthogonal polynomials were studied separately. Then the idea grew that some of them are special case of others, and that they can be generalized. Thus the discovered polynomials could be unified in a table, each having its own level and cell in that table. This table is called the Askey scheme of hypergeometric orthogonal polynomials. The importance of this table is that it gathers all polynomials, some of them satisfying an orthogonality relation in the continuous space and others in a discrete space, some with a finite support and others with an infinite support [1] .
Hermite polynomials are the most attractive ones from the Askey scheme, because they have no free parameters and occupy the lowest level of the table, that is the level where there is no sign of the discreteness of the space. They are well known as the explicit solution of the 1D non-relativistic quantum harmonic oscillator in a canonical approach [2] . The dynamical symmetry of this quantum system is also well known and it is the Heisenberg-Weyl algebra. This algebra can be easily constructed by using the three-term recurrence relations of Hermite polynomials. If, as a next step, one drops the canonical commutation relation between position and momentum operator [p,x] = −i [3] , then one observes the very interesting behaviour of the solution of the 1D non-relativistic quantum harmonic oscillator. Now the solution is expressed in terms of the generalized Laguerre polynomials, and the dynamical symmetry of the system is the Lie superalgebra osp (1|2). It is constructed by using two kind of three-term recurrence relations of the generalized Laguerre polynomials, which are intertwined. The existence of more than one recurrence relations for these polynomials has the following explanation. Laguerre polynomials occupy the next level in the Askey scheme: they generalize Hermite polynomials and have one free parameter. This parameter allows to separate the recurrence relations for even and odd polynomials, and thus obtain the new form of the recurrence relations for generalized Laguerre polynomials, which leads to the quite interesting so called non-canonical solution of the 1D non-relativistic quantum harmonic oscillator [4] . It is known that such a method can also be applied to polynomials from the next levels of the Askey scheme, and similar recurrence relations exist for continuous dual Hahn polynomials [5] , generalizing both Meixner-Pollaczek and Laguerre polynomials. Their application allows to construct a new model of the quantum harmonic oscillator, whose algebra is the Lie algebra su(1, 1) deformed by a reflection operator [6] . A similar approach in finite-discrete configuration space leads to the new difference equations (or recurrence relations) for the Hahn or dual Hahn polynomials and they generalize the difference equation for Krawtchouk polynomials (due to duality of Krawtchouk polynomials, the difference equation can be transformed to the three-term recurrence relation). Application of such recurrence relations leads to two very interesting quantum mechanical solutions, one of which is a finite-discrete quantum oscillator model based on the Lie algebra u(2) extended by a parity operator [7] and other one is the case of perfect state transfer over the spin chain of fermions with a nearest-neighbour interaction under absence of the external magnetic field [8] .
In current work, we continue this procedure and report on the pairs of three-term difference equations and recurrence relations for the Racah and Wilson polynomials, which occupy the top level of the Askey scheme and generalize all discrete and continuous orthogonal polynomials from this table. We also discuss some special cases, when new three-term difference equations exist also for Hahn polynomials and they lead to a pair of difference equations for the continuous Hahn polynomials.
Racah polynomials and new three-term recurrence relations
The Racah polynomial R n (λ (x) ; α, β , γ, δ ) of degree n (n = 0, 1, . . . , m) in the variable x is defined by:
where λ (x) = x (x + γ + δ + 1) and α + 1 = −m or β + δ + 1 = −m or γ + 1 = −m, with m being a nonnegative integer. They satisfy a finite-discrete orthogonality relation of the following form:
where
and with multiplier M being defined as
Then, one can introduce a pair of new difference equations for these polynomials in which Racah polynomials of the same degree n in variables x or x + 1, and with parameters of type (α + 1, β − 1, δ ) and (α, β , δ − 1) are intertwined.
Proposition 1. The Racah polynomials satisfy the following difference equations:
Proof. We prove both equations by performing straightforward computations using known properties of hypergeometric functions and Pochhammer symbols. In the case of (5), one can rewrite the left-hand side in the following form:
Then, a simple computations show that
Therefore, combining (8) and (9), we have the following expression for the left hand side of (5):
Then, one can rewrite the right hand side of (5) as follows:
Now, to prove (5), we just need to check that the following equality is correct:
which is obvious. The proof of Eq. (6) is even simpler than that of Eq. (5). It is possible to rewrite (6) it as follows:
Then (6) follows from the simple observation that
⊓ ⊔
There are three known cases, when the Racah polynomials R n (λ (x) ; α, β , γ, δ ) reduce to Hahn polynomials Q n (x; α, β , m) [1, (9.2.15)-(9.2.17)], defined as
For the first two cases, (γ + 1 = −m; δ → ∞) and (δ = −β − m − 1; γ → ∞), one recovers a pair of known difference equations for the Hahn polynomials Q n (x; α + 1, β − 1, m) and Q n (x; α, β , m) [8, (10) - (11)]. For the third case, (α + 1 = −m; β → β + γ + m+ 1; δ → ∞) leads to a pair of new difference equations for Hahn polynomials, with a shift in m:
Under the limit (α = pt;β = (1 − p)t;t → ∞), these equations further reduce to a pair of difference equations for the Krawtchouk polynomials K n (x; p, m):
Eqs. (5) and (6) can be useful for the construction of finite-discrete quantum oscillator models as well as exactly-solvable spin chains with nearest-neighbour interaction of m + 1 fermions subject to a zero external magnetic field:
where, J k expresses the coupling strength between two neighbour fermions k and k + 1 and has the following expression:
with f (α, β , δ ) and g (δ ) defined as follows:
Wilson polynomials as analytical solutions of new difference equations
The Wilson polynomial W n x 2 ; a, b, c, d of degree n (n = 0, 1, . . .) in the variable x is defined by:
(23) The polynomial satisfies an orthogonality relation in the continuous space [0, +∞) under the condition Re (a, b, c, d (5) and (6) as well as taking into account the duality of Racah polynomials (1) in n and x, one can transfer them to Wilson polynomials and obtain the following three-term recurrence relations
and the difference equations:
Introducing orthonormalized Wilson polynomials, one can reformulate (26) and (27) in a more compact form:
whereW n x 2 ; 1 2 , 0 ≡W n x 2 ; a + . Then, they can be considered as a fermionic extension of the quantum harmonic oscillator model, whose algebra is Lie algebra su(1, 1) deformed by a reflection operator [6] . Under another limit, reducing Wilson polynomials to continuous Hahn polynomials [1, (9.1.17)], one obtains from Eqs. (26) and (27) a pair of difference equations for continuous Hahn polynomials
where, p n x; 0, 
Conclusion
Racah and Wilson polynomials, which occupy the top level in the Askey scheme of hypergeometric orthogonal polynomials, are defined through the 4 F 3 type hypergeometric series. Under certain conditions, there is a well-known orthogonality relation for the Racah polynomials with respect to a discrete measure as well as for the Wilson polynomials with respect to a continuous measure. These polynomials are explicit analytical solutions of known difference equations with quadratic-like eigenvalues. In current work, we introduce a pair of novel difference equations or three-term recurrence relations, whose solutions are also expressed in terms of the Racah or Wilson polynomials depending on nature of the finite-difference step. The proof of these equations is presented for case of Racah polynomials. These equations may turn out to be good candidates for building some new fermionic oscillator models as well as exactly-solvable spin chains with a nearest-neighbour interaction. A number of special cases and limit relations are also examined, which allow to introduce similar difference equations for the orthogonal polynomials of the 3 F 2 and 2 F 1 types.
